We investigate the fluctuations of pion elliptic flow, triangular flow, and Hanbury-Brown-Twiss 
I. INTRODUCTION
The primary goal of the heavy ion collisions at the highest energy of the Relativistic Heavy Ion Collider (RHIC) and the energy of the Large Hadron Collider (LHC) is to explore the properties of the extreme hot and dense matter, the quark-gluon plasma (QGP), existed in the early stages of the collisions. Recent investigations [1, 2] indicate that the initial systems created in the ultrarelativistic heavy ion collisions at the RHIC and LHC energies are not uniform in space, and there are event-by-event fluctuations of the system initial quantities, due to the fluctuations of nucleon distributions in the nuclei, the fluctuations in the color charge distributions inside a nucleon, and combined with highly Lorentz contraction. The studies of the system evolution with the fluctuating initial conditions (FIC) and the influence of the FIC on final particle observables are recently very interesting issues in high energy heavy ion collisions [1] . They are important to improve our understanding of the experimental results at the RICH and the LHC.
Elliptic flow and two-particle Hanbury-Brown-Twiss (HBT) correlation functions are important observables in high energy heavy ion collisions. They reflect the transverse (perpendicular to the beam direction) anisotropic pressure property and the space-time structure of the particle-emitting sources, respectively. In ultrarelativistic heavy ion collisions, the spectators depart from the reaction region quickly after collision, and a very hot and dense fireball is created in the mid-rapidity region. For uniform systems of the fireballs the oddorder azimuthal flow harmonics are expected to be zero. However, recent studies indicate that the fluctuating inhomogeneous density distributions of the initial systems may lead to nonzero triangular flow, and thus inspires the investigations of azimuthal triangular flow and even higher-order flow harmonics [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . In Ref. [8] , the authors reproduced well the experimental flow results of v 2 , v 3 , v 3 , and v 5 in the ultrarelativistic heavy ion collisions at the RHIC and the LHC, by using the IP-Glasma FIC [2] with the viscous hydrodynamic model of MUSIC [6] . The investigations imply that the fluctuations in the initial geometry state are important and the created medium behaves as a nearly perfect liquid of nuclear matter because it has an extraordinarily low ratio of shear viscosity to entropy density.
On event-by-event basis, the particle-emitting sources with the FIC are bumpy and inhomogeneous [6, [12] [13] [14] [15] [16] . This inhomogeneous structure may lead to the fluctuations of final observables event-by-event. Although the influence of the IFC can be analysed by some observables, for instance, nonzero v 3 , our motivation here is to detect the fluctuations of final observables directly and try to look for the relationship between the fluctuations of final observables and the granular inhomogeneity of the initial sources.
In this paper, we use the Heavy Ion Jet Interaction Generator (HIJING) [17] to generate the FIC of the particle-emitting sources for the heavy ion collisions of the Au-Au at √ s N N = 200 GeV at the RHIC and the Pb-Pb at √ s N N = 2.76 TeV at the LHC. The system evolution is described by the relativistic ideal hydrodynamics in (2+1) dimensions with the Bjorken longitudinal boost invariance [18] , and with the equation of state (EOS) of s95p-PCE [19] . We use the relativistic Harten-Lax-Leer-Einfeldt (RHLLE) algorithm [20] [21] [22] [23] [24] [25] in our hydrodynamic calculations. Although this algorithm is also valid for the viscous hydrodynamic source with rest and smoothed initial conditions [26] , it is hard to obtain investigated also in Sec. III. Finally, we will give the summary and discussions in Sec. IV.
II. HYDRODYNAMIC EVOLUTION OF THE SOURCES WITH HIJING FIC
The description of ideal hydrodynamics for the system with zero net-baryon density is defined by the local conservations of energy and momentum [20, 29] ,
where boost invariance [18] , the hydrodynamics in (3+1) dimensions reduces to (2+1) dimensions.
In this case we need only to solve the transverse equations of motion in z = 0 plane, and the hydrodynamic solutions at z = 0 (v z = z/t) can be obtained by the longitudinal boost invariance hypothesis [12, 30] .
From Eq. (1) we have the transverse equations in z = 0 plane,
where (2) there are ǫ, P, v x , and v y four variables. So an EOS, P(ǫ), is needed to enclose the equation set. In the calculations, we use the EOS of s95p-PCE, which combines the hadron resonance gas at low temperature and the lattice QCD results at high temperature [19] .
Assuming the local equilibrium of system is reached at time τ 0 , we construct the initial energy density of the hydrodynamic source at z = 0, by using the AMPT code [31] in which the HIJING is used for generating the initial conditions, as [12, 32] 
Here p ⊥α is the transverse momentum of parton α in the fluid element at (x, y), x α (τ 0 ) and y α (τ 0 ) are the transverse coordinates of the parton at τ 0 , σ 0 is a transverse width parameter, and K is a scale factor which can be adjusted to fit the experimental data of produced hadrons [32] . The initial velocity of the fluid element is then determined by the initial energy density and the average transverse momentum of the partons in the element.
With the EOS and the initial values of energy density and velocities, we can solve equation set (2) using the relativistic HLLE scheme and Sod's operation splitting method [20] [21] [22] [23] [24] [25] 33] : first getting the solutions for the corresponding homogeneous equations in x and y directions; then obtaining the solutions of (2) with the corrections of F and G to the solutions of the homogeneous equations. In our calculations the spatial grid sizes are taken to be ∆x = ∆y = 0.1 fm, and the time step is taken to be ∆t = 0.99∆x [22] [23] [24] [25] . The circle, triangle, and square symbols are the experimental data at the RHIC [34] and the LHC [35] .
We show in Figs. 2(a) and 2(b) the pion transverse momentum spectra calculated by the hydrodynamics with the FIC (solid lines) and the smoothed initial conditions (SIC) which are obtained by averaging the FIC over 100 events, for the Au-Au and Pb-Pb collisions at the RHIC and LHC energies, respectively. Here, the circle, triangle, and square symbols are the experimental data at the RHIC [34] and the LHC [35] . In the hydrodynamic calculations,
we take the particle rapidity cuts the same as in the experimental analyses at the RHIC [34] and the LHC [35] , respectively. The freeze out temperature is taken to be 130 MeV, and the parameter σ 0 is 0.6 fm. For the centralities 0-5%, 10-20%, and mini bias, the regions of impact parameter are taken to be 0-2.3, 4.2-5.9, and 0-10.2 fm, respectively [36] . It can be seen that the hydrodynamic results with the FIC are consistent with the experimental data. At large p T , the spectrum of the hydrodynamic source with the FIC is higher than the corresponding spectrum of the hydrodynamic source with the SIC.
III. FLUCTUATIONS OF PION FLOW HARMONICS AND HBT CORRELA-TION FUNCTIONS A. Flow harmonics of event subcollections
In high energy heavy ion collisions, the invariant momentum distribution of final particles can be written in the form of a Fourier series [37, 38] ,
where φ is the azimuthal angle of the particle and Ψ R is the azimuthal angle of event reaction plane. The first term on the right side of Eq. (4) is the transverse momentum spectrum, and the coefficients in the summation, v n = cos[n(φ − Ψ R )] , are the azimuthal nth-order flow harmonics, where . . . denotes the average over the particles and events. In experimental data analyses, the reaction plane is usually replaced by the event plane which is determined with the measured particles in an event [39, 40] . An alternative technique in flow analyses is the measurement of the two-particle cumulant of azimuthal correlations, , 42] , which avoids the uncertainty in estimating reaction plane. In this work, we calculate the integrated flow harmonics v ′ n and p T -differential flow harmonics v n (p T ) with the two-particle cumulant method [41] as,
where N pair = N evt M(M − 1)/2 is the total number of the particle pairs in N evt events, M is the particle multiplicity of event, N pair (p T ) and N n {2}(p T ) are the counts of the particle pairs in the p T bin with the weights 1 and cos[n(φ i − φ j )], respectively. and the statistical counts, by
One can see from The azimuthal flow harmonics are related to the initial eccentricities of the source [3, 9] ,
where φ ′ is the azimuthal angle related to the reaction plane (xz plane), ρ = (x, y) is the transverse coordinate of initial source point, and {· · · } denotes the average over initial source. In order to give an approximate estimation of the elliptic flow for the FIC sources, we use a simple distribution of the initial source with separated droplets to calculate the eccentricity ε 2 . The single-event transverse distribution of the initial granular source is given by [27, 43] 
where N d is the number of droplet, R ⊥i = (X i , Y i ) are the transverse coordinates of droplet centers, and a is the standard deviation of the Gaussian distribution. So, for a single event we have
Further, assume that the central coordinates of the droplets obey the Gaussian distribution, (11) with dX i dY i P (X i , Y i ) and completing the integrations, we get
and the ε 2 for a huge number of events is
The initial eccentricity decreases with increasing a, and the effect of the droplet radius a on ε 2 becomes slight when R x and R y are large. These conclusions are consistent with the results in Fig. 3 , where σ 0 ∼ a, the values of elliptic flow decrease with increasing σ 0 for the RHIC sources, and the values of elliptic flow for the LHC sources are almost independent of σ 0 because the LHC sources have larger initial source sizes. In Eqs. (10) and (11) In the fifth and eighth columns of Table I , we present the ratios v 2 ≡ v 2 {2}(p T ) /ε 2 and introduce the distribution dN/df of the differences,
accumulating for all the event subcollections and the p T bins in the considered region. Here, the superscript denotes the event subcollection.
Unlike some cumulate quantities which smooth out the fluctuations in the analysis for all events, dN/df is a fluctuation distribution. It becomes wide for the variables v In the right two columns of Table I, For granular sources, the single-or several-event HBT correlation functions are fluctuated [14, 16, 27, 28] . We plot in Fig. 7 values. We observe that the distributions are insensitive to σ 0 , although they become wider as compared to the distributions for the source with smoothed initial conditions [14, 16] .
Unlike elliptic flow and triangular flow, HBT correlation functions reflect more about the source freeze-out geometry and dynamics rather than the initial details of the sources.
The width of the distribution dN/df , thus the fluctuation magnitude, can be described by the root-mean-square (RMS), f rms , quantitatively. Finally, we plot in Fig. 9 Bjorken's longitudinal boost invariance. The EOS of s95p-PCE, which combines the hadron resonance gas at low temperature and the lattice QCD results at high temperature, is employed in the hydrodynamic calculations. For the hydrodynamic sources with the FIC, the elliptic flow, triangular flow, and HBT correlation functions are fluctuated event-by-event.
These FIC-caused fluctuations survive in the observables obtained with event subcollections.
To display the fluctuations we introduce the fluctuation distribution, dN/df , of the observable of event subcollections, which becomes wide for the observable with large fluctuations.
We also introduce the granularity length L ξ to describe the granular inhomogeneity of the of source evolution will be of great interest.
